Abstract Geodesics of SO(3) are characterized by constant angular velocity motions and as great circles on a three-sphere. The former interpretation is widely used in optometry and the latter features in the interpolation of rotations in computer graphics. The simplicity of these two disparate interpretations belies the complexity of the corresponding rotations. Using a quaternion representation for a rotation, we present a simple proof of the equivalence of the aforementioned characterizations and a straightforward method to establish features of the corresponding rotations.
Introduction
In his celebrated work [20] on the motion of a rigid body, Poinsot commented that "The only rotatory motion of which we have a clear idea is that of a body which turns on an immovable axis." While an immense amount of work on rotations and their representations has been performed since Poinsot's time, his statement still has an element of truth. Part of the difficulty in relating the angular velocity to the motion of the rigid body lies in the fact that the correspondence between the angular velocity vector ω(t) and the associated rotation tensor R(t) is not unique. Indeed, given any constant rotation R 0 , then the angular velocity vectors associated with R(t)R 0 and R(t) are identical. As any rotation can be parameterized using an angle of rotation θ and an axis of rotation r, this implies that there can be a non-trivial correspondence between ω and the axis and angle of rotation. Constant angular velocity motions occupy a special place in studies on the motion of a rigid body. As shown in Figure 1 (a), these motions are characterized by motions of a body-fixed axis about the angular velocity vector. In optometry, they are central to Helmholtz's studies on the motion of the eye and his celebrated characterization of the saccadic motion of the gaze direction in [10, 11] (see Figure 1(b) ). More recently comments that the saccades are related to geodesics of SO(3) can be found in the optometry literature (Tweed et al. [24, p.106] and Hepp [12, p. 3239] ) with more precise analyses being found in works by Ghosh et al. [7, 8, 21] . In the field of computer graphics, the geodesics manifest as great circles on the unit sphere S 3 in four-dimensions and feature in Shoemake's Slerp algorithm [22] for interpolating between two rotations that are parameterized by unit quaternions (see Figure 1(c) ).
Our motivation for the work presented in this paper was to find a transparent proof that related the Slerp algorithm to other works in optometry and rigid body dynamics on the attitudes of constant angular velocity motions. We found that by parameterizing the rotation using unit quaternions and then examining the necessary conditions for geodesic motions of S 3 , an elegant and transparent set of differential equations could be found. In contrast to other derivations of the differential equations, such as Ghosh and Wijayasinghe [7, Eqn. (15) ], O'Reilly and Payen [17, Eqn. (17) ], and Polpitiya et al. [21, Eqn (3) ], the differential equations we find are linear, free from singularities, and easily solved. In addition, the formulation of the equations using unit quaternions readily leads to the Slerp algorithm, other characterizations of constant angular velocity motions, and representations of the geodesics of SO(3) using Steiner's Roman surface.
We start the paper with a review of representations of a rotation and its associated angular velocity vector using unit quaternions (also known as Euler parameters or Euler-Rodrigues symmetric parameters [23] ). The main novel results in the paper are presented in Section 3 (in particular, equations (15) and (16)) and Section 5. The remaining sections of the paper discuss the relationship between the geodesics found in Section 3 to the Slerp algorithm in Section 4, and optometry in Section 7. Unit quaternions form a two-to-one covering of the set of rotations SO (3) . With the help of Apéry's embedding of Steiner's Roman surface, we show how the geodesics on S 3 can be used to characterize the geodesics on SO(3) in Section 5 and, in the interest of completeness, present representations of these geodesics as rigid body motions in Section 6.
Background
An element of SO(3) can be uniquely identified with a proper-orthogonal matrix R.
After defining a fixed right-handed orthonormal basis {E 1 , E 2 , E 3 } for R 3 , we can use this matrix to define a rotation tensor R:
The tensor R is then used to define a corotational (also known as a body-fixed) basis {e 1 , e 2 , e 3 }:
Dating to Euler's seminal work on rotations in the 18th century, it is known that a rotation tensor is completely characterized by an axis of rotation r and an angle of rotation θ. As a consequence of (2), the components of the unit vector r have the unusual property that
Equivalently, the rotation can also be parameterized by a unit quaternion (q 0 , q) where
The components R ik = e k · E i of the tensor R have a particularly compact representation using unit quaternions:
Here, q k = q · e k = q · E k . Referring to (2), we note that the column vectors of the matrix R define the components of the moving bases vectors relative to their fixed counterparts and vice versa:
These identities will be used later to construct e i (t) given q 0 , q, and E k . The angular velocity vector ω is the axial vector of the skew-symmetric tensoṙ
T , where R 0 is any constant tensor. This vector has the representations
If ω is constant, then the components ω i are also necessarily constant. We also note that ω determinesė k ,ė k = ω × e k , and that the direction of ω defines the instantaneous axis of rotation i:
The axes r and i are parallel only in instances whereṙ = 0.
3 Geodesics on S 3 : A dynamical systems approach
The geodesics of SO(3) can be motivated in a variety of manners. Here, we exploit a classical construction and consider a spherically symmetric rigid body of mass m and radius R = 
Here,
The geodesics with respect to ds are extremizers of T and, appealing to Jacobi's theorem, we note that T is conserved along the geodesics. Conservation of T also implies that the angular speed √ ω · ω is constant. If we use unit quaternions or Euler parameters (also known as Euler-Rodrigues symmetric parameters) to parameterize R, then a two-to-one covering of SO (3) is obtained. That is, the pair of quaternions (q 0 , q) and (−q 0 , −q), correspond to the same rotation. Thus, we first consider geodesics of S 3 using the kinematical line-element ds. The necessary conditions for (q 0 (t), q(t)) to correspond to a geodesic are
where λ 1 is a Lagrange multiplier associated with the Euler parameter constraint:
Substituting for T , (11) reduce to
These equations have the integral of motion T and we denote the value of this integral of motion by T 0 .
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With the help of (12), we can solve for λ 1 :
Hence, (11) reduce further tö
These equations imply that the quaternion components associated with a geodesic execute simple harmonic motions:
where the frequency ν 0 is half the magnitude of ω:
The factor of one half in the angular speed of q K (t) compared to e i (t) can be attributed to the fact that the unit quaternions provide a two-to-one cover for SO(3). The initial conditions q K (0) andq K (0) must satisfy the Euler parameter constraint q 0 (0)q 0 (0) + q(0) · q(0) = 1 and its differential counterpart q 0 (0)q 0 (0) + q(0) ·q(0) = 0. While the angular speed √ ω · ω associated with the geodesic motions is constant, this doesn't guarantee that ω is a constant. However, aṡ
and, from (13), mq 0 = λ1 2 q 0 and mq = λ1 2 q, we can conclude that ω is constant. Thus, geodesics on S 3 with respect to ds correspond to rotations with constant angular velocity vectors.
1 While our construction of (13) follows from a variational principle for geodesics on a configuration manifold, the corresponding equations of motion also follow from those for the rotational motion of a rigid body whose rotation is parameterized by Euler parameters. The interested reader is referred to [13, 14, 15, 18] for a selection of derivations of the latter equations. 2 The curious fact that the Lagrange multiplier λ 1 enforcing the Euler parameter constraint is proportional to T was first shown by Nikravesh et al. [15] . A continuum mechanics-based interpretation of λ 1 can be found in [18] .
The simplicity of the differential equations governing q K (t) enable us to quickly conclude that q andq lie on a plane by noting the constancy of q ×q:
In the sequel, and without loss in generality, we often take advantage of this result by choosing {E 1 , E 2 , E 3 } such that E 1 is normal to the aforementioned plane: q 1 (0) = q 1 (0) = 0. In this case, we can define the angle ψ such that (cf. (4))
With the help of (16) it is straightforward to write down analytical expressions for θ(t) and r(t):
(21) While the closest related derivations known to us are Ghosh and Wijayasinghe [7] , 3 we believe the derivation of the representations (16) 
The Slerp algorithm for interpolating between a pair of rotations
An ingenious resolution to the problem of interpolating between two rotations in computer graphics was proposed by Shoemake [22] . His solution was to parameterize both rotations using unit quaternions and then interpolate between the pair of unit quaternions using a great circle on the unit sphere S 3 . The method is known as spherical linear quaternion interpolation (Slerp).
4
To see how Shoemake's approach is consistent with (16) we return to (15) but now consider the boundary-value problem of computing the geodesic that connects the following pair of points on S 3 (cf. Figure 1 (c)):
We define Θ as the angle subtended by the vectors (a 0 , a) and (b 0 , b) in R 4 :
As noted previously, the general solution to (15) is
3 See Theorem 2 and the nonlinear differential equations (15) in [7] . 4 Discussions of extensions to Shoemake's work in the context of geodesics can be found in Dam et al. [4] , Park and Ravani [19] andŽefran and Kumar [25] , among others.
where A K and B K are eight constants which we now determine. Choosing time t so that (q 0 (0), q(0)) = (a 0 , a) and (q 0 (t 1 ) , q (t 1 )) = (b 0 , b), we can solve for the 8 constants:
Substituting into (24) and rearranging we find the final desired form:
Identifying
we conclude that the interpolation function (26) . The sphere, however, still retains the two-to-one covering property between a pair of antipodal points and a rotation R: (q 0 , q 2 , q 3 ) and its antipodal point (−q 0 , −q 2 , −q 3 ) describe the same rotation R. It is a well-known result in topology that the quotient space of S 2 obtained by identifying antipodal points is the real projective plane RP 2 .
Consequently, points in RP 2 are isomorphic to SO(3) when q 1 = 0 (cf. [1, 5, 21] The transformation required to perform the immersion is discussed in Apéry's seminal work [1] :
However, from (5) and (6), we find that
Thus by projecting into R 3 , we arrive at the desired mapping
We next recast the parametric equations for the two-dimensional manifold M, known as Steiner's Roman surface, in R 3 by representing the quaternion components as a function of azimuthal and zenith angles on S 2 : {u, v} = ψ, θ 2 (cf. (20) ). The resulting expressions for the Cartesian coordinates of a point on M are
Although M is a non-orientable surface in R 3 , all but three rotations can be identified with a single point on M (see Figure 2) . 5 The exceptions are the three rotations (r = E 2 , θ = π), (r = E 3 , θ = π), and the identity R = I. Each of these three rotations are mapped to the origin (also known as the triple point or pinch point of M). Because the rotations associated with the triple point are not unique, it is possible to have a closed trajectory starting from and ending at the triple point where the body does not return to its starting orientation. We also observe from the u-and v-coordinate curves and the corresponding geodesics on S 2 displayed in Figure 2 , that generically pairs of curves on S 3 map to a single line or curve on M.
Representative examples of geodesics of SO(3) as they manifest as curves on M are shown in Figures 3(a), 4(a) , and 5(a). As discussed below, the representations of the geodesics of SO(3) on M are either straight lines or ellipses.
Representations of the Geodesics
The geodesics correspond to rotations with constant angular velocities:
where ω i0 are constant. Consequently, the instantaneous axis i is constant. However, these results in and of themselves do not provide the full picture of the behavior of the rotation R. We now examine different manifestations of rotations with constant angular velocities. 
The motions of e i (t)
Substituting the expressions (16) for q K (t) into (5) and (6), the resulting rotation tensor and e i (t) can be found. It is easier however to present some qualitative observations. First, we note that ω is constant for the geodesics and hence the projection of e i onto ω is constant. Because the magnitude of e i is 1, we can conclude that e i (t) describes an arc of a circle during its motion. The circle in question is centered at a point along the instantaneous axis of rotation i = ω/ ω (cf., e.g., Figure 1(a) ). 
The axis r and angle θ of rotation
Because of the identifications (4), we immediately conclude from (16) that the period of θ(t) is half that of the quaternion components q K (t) while the period of r is the same as those for the quaternion components. Thus,θ = ± ω 0 . To gain further insight, we appeal to the identity relatingṙ to q:
This expression, along with (15) (i.e.,q K = − T0 2m q K ) can also be used to establish an expression forr. It is easy to then show that (r ×ṙ) ·r = 0. This result, which was first established in [17] , implies that either r is constant or it traces a great circle.
Choosing E 1 to be normal to r (without loss of generality), we previously arrived at the analytical expressions (21) for r(t) and θ(t). These expressions are consistent with the results of [17] . Consequently, we appeal to [17] who found that rotations with constant angular velocity motions can be classified into three types: Type I. Motions where the axis of rotation is parallel to ω andθ is a non-zero constant: q i andq × q = 0 (cf. Figure 3) . Type II. Motions where θ = π and the axis of rotation is perpendicular to ω. That is, q 0 = 0 and q · ω = 0 (cf. Figure 4) . Type III. Motions where θ = θ(t) but r is neither normal to nor parallel to ω. That is, q 0 = 0 and q · ω = 0 (cf. Figure 5 ).
Type I motions are prototypical constant angular velocity motions and, given the freedom to choose the reference basis {E 1 , E 2 , E 3 } or, equivalently, R 0 , constant angular velocity motions can always be restricted to this type. Unfortunately, in many application areas, such as opthomology, the reference basis for R is prescribed and Type II and Type III motions must be considered.
Saccadic Motions of the Eye
Dating to Helmholtz's works on the eye [10, 11] , constant angular velocity motions have played a central role in understanding saccadic motions of the eye. When modeled as a rotating rigid body, the motion of the eye is subject to a constraint known as Listing's constraint. While Listing's law dates to the mid 1800s, formulating the law using quaternions was championed by Westheimer [26] a century later. If the gaze direction of the eye is modeled as e 1 , then Listing's constraint can be expressed in the equivalent forms
That is the axis of rotation of the eye lies at the intersection of a plane fixed in the eye (the focal plane) and a plane fixed in the head (cf. Figure 1(b) ). Of particular interest in optometry are the possible motions of the gaze direction e 1 . If one models the eye as a spherically symmetric rigid body, then the geodesics of interest are those of SO(3) which satisfy Listing's law. With little extra work, we arrive at the following set of differential equations in place of (15): 4q 0 + 2λ 1 q 0 = 0, λ 2 = 0, 4q 2 + 2λ 1 q 2 = 0, 4q 3 + 2λ 1 q 3 = 0,
where λ 2 is the Lagrange multiplier that ensures that Listing's constraint holds. We again find that λ 1 = −T 0 (albeit withq 1 = 0) and also that λ 2 = 0. 6 Consequently, the geodesics on the subspace of SO(3) that satisfy Listing's law are given by (16) K=0,2,3 and the earlier characterizations and representations apply. Conversely, many supplemental results, such as Listing's half-angle rule and Helmholtz's theorem [11, 24] can be imported from optometry and use to provide additional insight into the geodesics (see [16] for additional references and discussion).
Closing Remarks
The characterizations of the geodesics we have provided assume that the metric is given by the line-element ds (9). If we change this element, for instance we could use the kinetic energy expression for an axisymmetric or asymmetric rigid body, then the geodesics will change. In particular, some of the geodesics will feature non-constant angular velocity vectors. Further, while closed-form analytical solutions for the angular velocity components ω i (t) of the moment-free motion of an axisymmetric and asymmetric rigid bodies, computing the corresponding rotations is non-trivial and the geodesics may manifest as quasiperiodic motions of e i (t).
